Abstract-The achievable performance of Reed Solomon (RS) coded slow frequency hopping (SFH) assisted M -ary frequency shift keying (MFSK) using various erasure insertion (EI) schemes is investigated, when communicating over uncorrelated Rayleigh fading channels in the presence of multitone jamming. Three different EI schemes are considered, which are based on the output threshold test (OTT), on the ratio threshold test (RTT) and on the joint maximum output-ratio threshold test (MO-RTT). The relevant statistics of these EI schemes are investigated mathematically and based on these statistics, their performance is evaluated in the context of error-and-erasure RS decoding. It is demonstrated that the system performance can be significantly improved by using error-and-erasure decoding invoking the EI schemes considered.
I. INTRODUCTION
In slow frequency hopping (SFH) assisted M -ary frequency shift keying (MFSK) using Reed Solomon (RS) coding, typically errorand-erasure decoding is employed for enhancing the achievable system performance when encountering interference and/or jamming. Erasure insertion (EI) implies that an RS-coded MFSK symbol, which is deemed to be unreliable owing to fading, interference or both is erased. EI enhances the error correcting capability of the RS decoder. Various EI schemes designed for supporting error-anderasure decoding in conjunction with SFH-MFSK receivers have been proposed in the open literature [1] - [3] . In this paper, we complement the results of [3] by investigating the performance of RS-coded SFH-MFSK system when communicating over uncorrelated Rayleigh fading channels in the presence of tone jamming. In our analysis three different types of low complexity EI schemes are considered, which include the output threshold test (OTT), the ratio threshold test (RTT) and the joint maximum output-ratio threshold test (MO-RTT), which were considered in [3] . The decision statistics associated with these EI schemes are analyzed employing an approach similar to that used in [3] . With the aid of these decision statistics, we derive analytical expressions for the RS codeword error probability and the bit error rate (BER) after erasure insertion. We will demonstrate that these EI schemes are capable of providing useful information for improving the performance of error-and-erasure decoding. The remainder of this paper is structured as follows. In Section II the system under consideration is described and the symbol error rate of the uncoded system is derived. In Section III the EI schemes considered are discussed and the related decision statistics are investigated, while in Section IV the numerical results are presented. Finally, in Section V we present our conclusions.
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II. SYSTEM DESCRIPTION
The system under consideration is similar to that described in [3] and [4] . In the transmitter, the RS encoder of code rate Rc = k/n converts each block of k M-ary information symbols into n coded symbols. We assume that we have n = M − 1 = 2 b − 1 where b = log 2 M represents the number of bits per information symbol. After MFSK modulation the frequency synthesizer, which operates under the control of a pseudo noise (PN) generator, generates a sequence of random hopping frequencies, one of which is activated during each hop interval of duration T h or symbol interval Ts, where we assume that T h = Ts. We also assume that the bandwidth of one frequency hopping (FH) tone is given by that of its main spectral lobe occupying B = 1/T h . The modulated signal of each FH tone is transmitted over a frequency non-selective fading channel obeying Rayleigh distribution. We assume that the fading is sufficiently slow so that its amplitude and phase remain constant within a symbol duration and that fading is independent for each symbol, which may be achieved with the aid of interleaving. Consequently, when assuming Rayleigh fading, the probability density function (PDF) of the amplitude attentuation factor is given by [5] 
where
. The transmitted signal is assumed to be interferred by a tone jamming signal consisting of Q equal-power continuous wave tones, each of which has a frequency equal to that of one of the M -ary signalling tones. We consider the case of n = 1-band multitone jamming (MTJ), which is regarded as the worst case tone jamming scenario [6] . In this context, the intentional jammer distributes the interfering tones in such a way that there is at most one interfering tone in an MFSK band, defined by the bandwidth occupied by the M FSK signalling tones. Furthermore, it has been shown that for Rayleigh fading a jammer associated with a jamming duty factor of unity inflicts the most detrimental interference upon the FH system [7] . These assumptions imply that we have Q = N , where N is the number of MFSK bands in the total spread spectrum bandwidth given by Wss = M ×N ×B, which is assumed to be fixed. We assume that the intentional jammer has explicit knowledge of the communication system's parameters and thus it is capable of adjusting the number of jamming tones accordingly, keeping the total MTJ power fixed. We can define the Signal to Jammer Power Ratio (SJR) as [6] 
where Es = P Ts = bE b represents the symbol energy, E b is the energy per bit and P is the power of the transmitted signal.
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Furthermore, in (2) PTJ = PJ Q represents the total MTJ power, PJ is the power of a single MTJ tone and Ej represents the energy of a jamming tone per symbol duration. In the receiver, the signal is de-hopped and then demodulated by a bank of M square-law detectors. An EI device then observes all the M square-law detector outputs and either inserts an erasure, if the corresponding threshold condition is met (to be discussed in Section III), or outputs a symbol according to the standard MFSK demodulation principle. After the RS decoder has received n symbols or erasures from the EI device, it decodes them and outputs k decoded symbols with the aid of error-and-erasure RS decoding [3] , [4] . The uninterferred signal corresponding to the ith FSK tone at the input of the square law detector can be expressed as
where αs represents the amplitude attenuation factor due to Rayleigh fading and φs includes all the phases in the received signal due to frequency hopping, carrier modulation and MFSK modulation as well as that induced by the fading channel. Finally, ni(t) represents the AWGN having zero mean and double-sided power spectral density of N0/2.
Assuming that the first FSK tone is activated, let us denote the output of the square-law detector corresponding to the signal tone by U1, when it is uninterferred, and by U 1(j) when the frequency of the interfering tone coincides with that of the signal tone. Similarly, let Ui and U i(j) denote the corresponding unjammed and jammed outputs of the square-law detector corresponding to the ith non-signal tone.
Assuming independent Rayleigh fading of the desired signal and the jamming tones, it can be shown that the outputs of the square-law detectors can be expressed as [5] , [6] 
and
where αj and φj are the amplitude attenuation factor and the phase associated with the interference tone, respectively. It is seen in (4) to (7) that all the square-law detector outputs are central Chisquared distributed with double degrees of freedom or exponentially distributed [5] . Thus, it can be shown that the PDFs of the noisenormalized energy detector outputs can be expressed as
where γc = ΩcEs/N0, γj = ΩjEj/N0 and γ c(j) = γc + γj. Let H1 represent the hypothesis that the transmitted symbol is correctly detected and H0 denote the hypothesis that the transmitted symbol is incorrectly detected, when using hard decisions. It can be shown that the probability of a correct decision for the uncoded system is given by
Thus we have P (H0) = Pc and the probability of symbol error is expressed as
III. RS-CODED SYSTEM USING ERROR-AND-ERASURE DECODING
Let us now investigate the achievable performance of the SFH-MFSK system, when error-and-erasure decoding is considered. We choose three different EI schemes, each of which can be employed for inserting an erasure after energy detection on the basis of a certain test condition. Let Y1 = max[U1, U2, . . . , UM ] and Y2 = max2[U1, U2, . . . , UM ] denote the maximum and second maximum of the square-law detector outputs Ui, i = 1, 2, 3, . . . , M. In the context of the OTT, if Y1 ≤ YT is satisfied, where YT is a preset threshold, the associated demodulated symbol should be erased. Otherwise, if we have Y1 > YT , the demodulator outputs an RS code symbol [3] . By contrast, in the context of the RTT, a pre-set threshold λT can be invoked, in order to erase the low-reliability symbols, whenever we have Y2/Y1 ≥ λT [1] , [3] . Finally, in the context of the joint MO-RTT [3] , we assume that YT and λT are two thresholds, which activate an erasure insertion, whenever we have Y1 ≤ YT and Y2/Y1 ≥ λT . Next, we determine the expressions for the conditional PDFs of Y1 in the context of the OTT, of λ = Y2/Y1 in the context of the RTT as well as the joint PDF of Y1 and λ = Y2/Y1 in the context of the MO-RTT, when the SFH-MFSK system operates in Rayleigh fading in the presence of n = 1-band MTJ. The PDF of Y1, conditioned on the correct decision hypothesis of H1, can be expressed as follows
When deriving the PDF fY 1 (y1|H0), we consider the fact that if a non-signal tone is jammed, the largest of the square-law detector outputs, i.e. Y1, may correspond to either the jammed non-signal tone or to one of the non-signal tones unaffected by jamming. Thus, we have
The joint PDFs of Y = Y1 and λ = Y2/Y1 conditioned on the hypothesis H1 and H0 can be obtained from the joint PDFs of Y1 and Y2 following the approach of [3] , yielding
Finally, the PDFs corresponding to the ratio λ = Y2/Y1 in the context of the RTT assisted EI scheme may be readily obtained from (16) and (17) by integrating them in terms of Y from 0 to ∞, yielding
From the PDFs derived above, it is straightforward to express the probability Pe of erasure and probability Pt of error after erasure for a chosen threshold corresponding to a certain EI scheme. The required expressions have been given in [3] . Consequently, the probability of not decoding the codeword correctly, i.e. the codeword error probability Pw, can be expressed as [3] 
where we have j0(i) = max{0, n − k + 1 − 2i}. The symbol error rate after error-and-erasure RS decoding can be expressed as [8] Ps
The BER of the SFH-MFSK system employing error-and-erasure RS decoding can be determined from the symbol error rate expression of (21) [5] .
IV. RESULTS AND DISCUSSION
Based on the BER derived for the RS-coded system employing one of the three EI schemes considered, we are now capable of studying the properties of the system. In Fig. 1 , the probability of erasure corresponding to λT = 0.4 in the context of the RTT has been shown based on both analytical and simulation results, when the SFH-MFSK system communicates in a Rayleigh fading channel and is interferrred by n = 1-band MTJ. The results shown in Fig. 1 are for M = 2, 4 and 8 and indicate that our analysis of the probability of erasure is correct. In Figs. 2 and 3 , we evaluated the codeword error probability against a range of YT and λT values, respectively, as well as for various values of M and the corresponding RS codes. We observe that for each value of M , an optimum threshold value exists in the context of both the OTT and the RTT, corresponding to which the minimum system codeword error probability is achieved. We also observe that the system corresponding to M = 16 achieves the lowest codeword error probability in both figures. It is well-known that the performance of the MFSK system in the absence of interference improves as M increases [5] , whereas the detrimental effects of tone jamming on the performance of FH-MFSK increase as M is increased [6] . Moreover, in the context of the RS-coded system, using a higher value of M implies a high error correcting capability given by t = n−k 2 , when the code rate is a constant [5] . Consequently, the combined effects of interference, fading, transmitted symbol energy and error correcting capability result in the observation that the system corresponding to M = 16 achieves the best performance when using error-and-erasure RS-decoding, as portrayed in Figs. 2 and 3 . In a similar fashion, it can be shown that in the context of the MO-RTT there exist optimum values of the thresholds of λT and YT , which result in the best system performance, when employing error-and-erasure aided RS-decoding.
In Fig. 4 , we evaluated the BER of RS-coded SFH-MFSK, when it employs OTT based EI and when assuming optimum threshold values for each value of E b /Nj and M . The results of Fig. 4 show that error-and-erasure RS-decoding outperforms the 'error-correcting only' decoding for all values of M , provided that the optimum thresholds of EI are employed. However, the BER improvement of error-and-erasure decoding portrayed in Fig. 3 is noteworthy only when the jammer power is sufficiently low. Furthermore, when the signal to jamming power ratio is sufficiently high, i.e. for example when E b /Nj exceeds 20dB, a higher performance gain can be achieved, especially in the case of M = 32, owing to the higher error correcting capability of the RS(31,20) code used. Finally, in Fig. 5 we show our BER performance comparison for the RS-coded SFH-MFSK system, when employing the three different types of EI schemes considered. We can see that the BERs of the three types of EI schemes are hardly distinguishable from each other when E b /Nj is relatively low, i.e. for example when E b /Nj ≤ 20dB. E b /Nj ≥ 25dB, both the OTT and the MO-RTT outperform the RTT. It can be inferred from the definition of the EI schemes outlined in Section III that the OTT based scheme provides a technique for erasing symbols that suffer from strong fading while the RTT based method seeks to eliminate symbols that are rendered unreliable owing to interference. Consequently, when the jamming power is low, most errors occur due to the Rayleigh fading and the OTT based EI outperforms the RTT based scheme, as seen in Fig. 5 . Finally, the MO-RTT based EI performs slightly better than both the OTT and the RTT based EI, since it makes use of the combined information based on the OTT and the RTT. However, for the system under consideration, the BER performance of the MO-RTT is close to that of the OTT. In order to show the slight differences in detail, the minimum achievable BER values of SFH 16-ary FSK have been summarised in Table I , when invoking the RTT, the OTT and the MO-RTT based EI schemes. It is noteworthy from the results seen in Table I Table I , the OTT performs better than the RTT based EI scheme. This observation implies that, when the thermal noise power is high, the OTT based scheme is more effective than the RTT based scheme.
V. CONCLUSION
In this contribution we have analyzed the BER performance of the RS-coded SFH-MFSK system using erasure insertion, when the SFH-MFSK signals are transmitted over Rayleigh fading channels in the presence of n = 1-band MTJ. We found that with the aid of errorand erasure RS decoding assisted by one of the three low complexity EI schemes considered in this contribution, the system performance may be significantly improved, provided that the jamming power is not excessively high. It was demonstrated that when the jamming power is low, the OTT outperforms the RTT. Since the MO-RTT is constituted by an amalgam of the OTT and the RTT based EI schemes, it either outperforms both the OTT and the RTT or results in a performance which matches the better of the other two. However, the corresponding performance is typically close to that of one of its counterparts. The results also showed that, in general, when the SFH-MFSK system experiences tone jamming, there is an optimum value of M which results in the best performance. 
